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Water wave problem
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Dispersive long wave equations

Boussinesg-type models

Boussinesq regime: " = o(1), = o(1)
and the Stokes-Ursell number S:= 5 1

Literature is countless: Peregrine [Per67],
Bona-Smith [BS76], Nwogu [Nwo93], Bona
& Chen [BC98]

Bona, Chen, Saut (2002): T= O(" 1)
g+ U+ "(Ux+ 2[auxxx bi]=0

W+ x+ "Uul+ 2[Cxxx duxxt]zo
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Dispersive long wave equations
Boussinesg-type models

Full Euler
Saint-Venant
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Figure: Dispersion relations
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Finite volume schemes for dispersive waves
Schemes implemented in [DKM11]

(I D)Ve+[F(W)lk +[G(valx = O )

Advective uxes: m-Flux, KT, FVCF
Reconstructions: TVD MUSCL2, UNO2, WENO3
Elliptic operator: 2nd or 4th order FD:
(I D Vi 1+ 10vi + Visg Vielr VitV 1

1 (b; d) 2

Dispersion: Centered ux:

V@ 4@ vk 4 AR
=(a c)i”l' GM =(goqt2z2 "2
4% 2 1 Tz T 2

Time stepping: Explicit SSP-RK2, SSP-RK3
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Convergence test-cases - |

Numerical results on the solitary wave propagation

=

X
E2(K) = KU*kn=kU%; kUK, = xukz2
i

Ef (K) = kKUXkn1 =kU%p1 ;  kUKkn1 = maxjulj;
|

X Rate(E?) | Rate(E} ) X Rate(E7) | Rate(E} )
0.5 1.910 1.978 0.5 2.042 2.032
0.25 1.910 1.954 0.25 2.033 2.029
0.125 1.923 1.937 0.125 2.026 2.023
0.0625 1.936 1.941 0.0625 2.021 2.019
0.03125 1.946 1.948 0.03125 2.017 2.016

Table: m-Flux Table: MUSCL2 MinMod
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Convergence test-cases - |l

Invariants preservation

Generalized energy for the Bona-Smith system:

z

Iy = 26+ (1+ (xD)UE(XH)

R

c

2(xt)  ald(xt) dx

Mass conservation: 15 = 1:932183566158
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Head-on collision of solitary waves

Comparison with experimental data

Comparison among following models:
BBM-BBM system
Bona-Smith system ( 2= )
Experimental data

Numerical scheme: FVCF + UNO2 + SSP-RK3

Numerical parameters:

[ 300 30Q; x= 0:05 CFL= 0:2

Reference:

W. Craig, Ph. Guyenne, J. Hammack, D. Henderson, C. Sulem.
Solitary water wave interactions. Phys. Fluids, 2006

<
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Head-on collision experiment
Comparison with experimental data by D. Henderson
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Head-on collision experiment
Comparison with experimental data by D. Henderson
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Head-on collision experiment
Comparison with experimental data by D. Henderson
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Head-on collision experiment
Comparison with experimental data by D. Henderson

3 T T
——Bona-Smith q2=9l11
--- BBM-BBM
2.51 - Experimental data b
ok |
. 15
1k
0.5F
0
_O. L L L L L
-500 -200 -100 )(2 100 200 300

Figure: t = 19:15087s

DENYS DUTYKH (CNRS — LAMA) Dispersive wave runup FVCAG Conference, Prague

9/17



Head-on collision experiment
Comparison with experimental data by D. Henderson
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Head-on collision experiment
Comparison with experimental data by D. Henderson
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Head-on collision experiment
Comparison with experimental data by D. Henderson
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Head-on collision experiment
Comparison with experimental data by D. Henderson

2.5(

——Bona-Smith q2=9l11

--- BBM-BBM
- Experimental data

151

300

DENYS DUTYKH (CNRS

I
-200

I
-100 0
X

Il Il
100 200 300

Figure: t = 20:49949s

— LAMA)

Dispersive wave runup FVCAG Conference, Prague

9/17



Boussinesqg-type equations for non- at bottom

The celebrated Peregrine system [Per67]

z

X; )

H(x;t)

t+ (h+ Ju =0
h 2
U+ Ulk+ g x E(hu)xxt"' g ot = 0

Form invariant under vertical translations (Gs symmetry):

Hi+ Q=0
1 1 1 1 2
1+ THZ CHHG Qu 2HQu SHHQe o+ SH? = gHi,

<
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m-Peregrine system discretization
With nite volumes method
D(vy) + [F(V)]x = S(v)
Advection: KT, FVCF + MUSCL2, UNO2

Dispersion: 2nd order FD for the elliptic operator

H
(1+ 3H? FHHWQ FHHQ: FQu

Source terms: Well-balanced hydrostatic reconstruction
Time stepping: Explicit SSP-RK3

D(v) =

For more details [DKM11]:

D. Dutykh, T. Katsaounis, D. Mitsotakis. Finite volume schemes
for dispersive wave propagation and runup. J. Comput. Phys.,
230, 3035-3061, 2011

AR FEE T



Solitary wave runup: As = 0:04

Data from C. Synolakis (1987),

0.3

= 2:88
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Solitary wave runup: As = 0:04

Data from C. Synolakis (1987),
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Solitary wave runup: As = 0:04

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:04

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:04

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:04

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:04
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88

15 T T
——Boussinesq (CF-UNO2)
----Boussinesq (KT-UNO2)
- - -Shallow water (CF-UNO2)
1k - Experimental data

Figure: t= 25s

DENYS DUTYKH (CNRS — LAMA) Dispersive wave runup FVCAG Conference, Prague 13/17



Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Solitary wave runup: As = 0:28

Data from C. Synolakis (1987), = 2:88
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Conclusions & perspectives

Conclusions:

Several schemes to discretize dispersive wave equations
have been proposed and tested

FVs are suf ciently accurate for solitons dynamics

Dispersive effects are bene cial for the description of
breaking waves

Perspectives:
Wave runup on random beaches

Resonant ampli cation of the
maximum runup value
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Thank you for your attention!
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