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WATER WAVES

FEYNMAN LECTURES ONPHYSICS (VOLUME I, CH. 51)
Now, the next waves of interest, that are easily seen by
everyone and which are usually used as an example of waves
in elementary courses, are water waves. As we shall soon see,
they are the worst possible example, because they are in no
respects like sound and light; they have all the complications
that waves can have.

FIGURE: SWL indicates “Still Water Level”



ULTIMATE ENGINEERING QUESTION:
WHAT ARE THE FORCES EXERTED ON STRUCTURES?

DYNAMIC PRESSURE ON THE WALL:

I Minikin's equation (1963) [Min63]
I Goda's formula (1974) [God74]
I Other empirical approaches. . .

DESIGN WAVE:

I Signi�cant wave height : H1=3, Hs

I Average of highest 1% of all waves:

H1 = 1:67 � H1=3

I Goda is more cautious:

H1 = 1:8 � H1=3
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THEORETICAL PREDICTIONS
ASYMPTOTIC ANALYSIS IN 2D: DIMENSIONLESS AMPLITUDE � := a=d

I Linear theory [Mei89]:

R max=d = 2�

I Nonlinear shallow water equations [MP84]:

R max=d = 4
�
1 + � �

p
1 + �

�
= 2� + 1=2� 2 � 1=4� 3 + O(� 4)

I Third order theory [SM80]:

R max=d = 2� + 1=2� 2 + 3=4� 3 + O(� 4)

PRELIMINARY CONCLUSION:
Maximal run-up R max � 2� + higher order corrections



RECENT EXPERIMENTAL STUDY
REFERENCE[LYK11]: W. L I , H. YEH & Y. K ODAMA , JFM, 2011

I Mach re�ection of an obliquely incident solitary wave
I Mechanism is substantially 3D
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MATHEMATICAL MODEL
R-S-SG-GN-PZEQUATIONS

I The governing equations [Ser53]:

ht + ( hu)x = 0;

ut +
� 1

2u2 + gh
�

x = 1
3h� 1

h
h3�

uxt + uuxx � u2
x

� i

x
;

Credits:
I John William Strutt (Lord Rayleigh ) (1876)
I F. Serre (1953)
I C. Su & C. Gardner (1969)
I A. Green & P. Naghdi (1976)
I E. Pelinovsky & M. Zheleznyak (1985)

SOME PROPERTIES:

I a long wave model (weak dispersive effects)
I fully nonlinear equations
I possesses several conservation laws



NUMERICAL SET-UP – I
THE IDEALIZED SITUATION

I 2D uniform channel of constant depth
I Left: wavemaker, Right: vertical wall
I Quantity of interest: run-up on the wall R(t)=a0

I All simulations start from the rest state: � � 0, u � 0
I Wavemaker motion: � (x = 0; t) = a0 sin(! t)H (nT � t)

FIGURE: A schematic view of the numerical experiments.



NUMERICAL RESULTS
MAXIMUM MEASURED WAVE RUN -UP ON THE WALL
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SPACE-TIME DYNAMICS
RUN-UP TIME SERIES ON THE VERTICAL WALL
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NUMERICAL SET-UP – II
THE IDEALIZED SITUATION

I 2D uniform channel of constant depth
I Left: wavemaker, Right: vertical wall
I Quantity of interest: run-up on the wall R(t)=a0

I All simulations start from the rest state: � � 0, u � 0
I Wavemaker motion: � (x = 0; t) = a0sn(! t ; m)H(nT � t)

FIGURE: A schematic view of the numerical experiments.



MAXIMUM RUN -UP ON THE WALL
DEPENDENCE ON PARAMETERS! AND m
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MAXIMUM RUN -UP ON THE WALL
DEPENDENCE ON PARAMETERS! AND m
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ESTIMATION OF FORCES
IN THE FRAMEWORK OF THESERRE-GREEN-NAGHDI EQUATIONS

I Pressure distribution in the bulk of the �uid:

P(x; y; t)
� gd

=
� � y

d
+

1
2

" �
h
d

� 2

�
�

1 +
y
d

� 2
#

~
 d
g h

;

I Depth-averaged force:

F (x; t)
� gd2 =

Z �

� d

P
� gd2 dy =

�
1
2

+
~


3 g

��
h
d

� 2

:

I Tilting moment (w.r.t. bottom):

M (x; t)
� gd3 =

Z �

� d

P
� gd3 (y + d) dy =

�
1
6

+
~


8 g

��
h
d

� 3

:

I where ~
 is the vertical acceleration on the free surface:

~
 � ~vt + �u � r ~v = h
n

(r � �u)2 � r � �u t � �u � r [ r � �u ]
o

;



DEPTH AVERAGED FORCE
DEPENDENCE ON PARAMETERS! AND m
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NUMERICAL SET-UP – III
THE IDEALIZED SITUATION – ROBUSTNESS TEST

I 2D uniform channel of constant depth
I Left: wavemaker, Right: vertical wall
I Quantity of interest: run-up on the wall R(t)=a0
I All simulations start from the rest state: � � 0, u � 0
I Wavemaker motion:

� (x = 0; t) =
�
a0sn(! t ; m) + "� (t)

�
H (nT � t)

FIGURE: A schematic view of the numerical experiments.



MAXIMUM RUN -UP ON THE WALL (PERTURBED CASE)
DEPENDENCE ON PARAMETERS! AND m
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MAXIMUM RUN -UP ON THE WALL (PERTURBED CASE)
DEPENDENCE ON PARAMETERS! AND m
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CONCLUSIONS& PERSPECTIVES

CONCLUSIONS:

I Extreme run-up on the wall was
highlighted

I Design wave de�nition to be
revisited

I Hs � 3H1=3 or even Hs � 3H1

PERSPECTIVES:

I Validation by the full Euler /
laboratory experiments. . .

I Investigation of 3D focussing
mechanisms

F. Carbone, D. Dutykh, J. Dudley & F. Dias. Extreme wave run-up on
a vertical cliff. Geophys. Res. Lett., 2013



Thank you for your attention!

http://www.denys-dutykh.com/
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