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BRIEF HISTORICAL SURVEY ONSW COMPUTATION

FULL EULER EQUATIONS

I Qualitative properties of gravity solitary
waves (Craig & Sternberg (1988) [2]):
I positivity
I symmetry

| Analytical approaches: Grimshaw® (1971), Fenton® (1972)

I Numerical techniques:
I Tanaka (1986): conformal mapping + xed point
I Vanden-Broeck & Parau (2004 —...): BIEM + Newton
I Craig, Nicholls & Guyenne: D2N + truncation
I Milewski & Wang (2012): conformal mapping + Newton

I The present study:

I conformal mapping ) Babenko equation [1]
I Scheme to solve the nonlinear & nonlocal equation



SKETCH OF THE PHYSICAL PROBLEM
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I Velocity potential and are harmonic functions
I Bernoulli equation:

2p + 2gy + u? + v% = ¢?

I At the free surface: ps = 0



CONFORMAL MAPPING
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INTEGRAL QUANTITIES

IN CONFORMAL VARIABLES

Ry Ry
Wave Mass: M ; d&x = ; (1+Cf g d;
, , R, Ry
Circulation: C ;1 (Us+c+vgx)dx = [ cCf gd
R, R
Impulse: | 1 qutc)dydx = cM
Kinet . R R, 2, 2 _
inetic Energy: K 1 gzlu+c) +vi]dydx =
%C (1 dC);
Ry Ry

Potential Energy: 1 %g 2dx = 1 %g 2(1+ Cf g)d

\%
Total Energy: E K + V;
F

Energy Flux: cE;
. Ry
Lagrangian: L K V = ; Ld;



BABENKO EQUATION DERIVATION

FROM THE LAGRANGIAN VARIATIONAL PRINCIPLE

I Lagrangian density:
L=1c?2 cfg 1ig ?(1+ Cf g)
where

N %  kcoth(kd)éX (k & 0)
1=d (k = 0)

I The corresponding Euler—Lagrange equation:
@ @ 2 1 2
—+C = c“Cf 59 Cf Cfg=20

| After applying C ! the Babenko equation (1987) [1] reads:

c? gC % g=1g 2+ gC  Cf gg



PETVIASHVILI SCHEME

I TERATIVE SCHEME TO SOLVE NONLINEAR EQUATIONS

I Babenko equation can be rewritten as:
Lfg=Nfg Lfg c? gC f g;
Nfg gC ' Cfgg+ig?

I Petviashvili scheme:

[ Stabilizingafactor:
LA FfL f nggdk

AFEN f nggdk

nL f hgd
nN f ngd

1

Sh = Rll 11

1 1

I Convergence analysis: Pelinovsky & Stepanyants (2004)
[4], Lakoba & Yang (2007) [3]



NUMERICAL CHECK OF THE CONVERGENCE

EXTENDED PRECISION ARITHMETICS(ADVANPIX TOOLBOX)

REFERENCE
Clamond, D., & D.D. (2013). Fast accurate computation of the fully
nonlinear solitary surface gravity waves. Comp. & Fluids, 84, 35-38




SPEED-AMPLITUDE RELATION

COMPARISON WITH THE TANAKA RESULTS: UP TO 10 DIGITS AGREEMENT
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REFERENCE

Clamond, D., & D.D. (2013). Fast accurate computation of the fully nonlinear solitary surface gravity waves. Comp. &
Fluids, 84, 35-38

MATLAB SCRIPT:

http://www.mathworks.com/matlabcentral/fileexchange 139189-solitary-water-wave


http://www.mathworks.com/matlabcentral/fileexchange/39189-solitary-water-wave

MASS-AMPLITUDE, ENERGY-AMPLITUDE RELATIONS

USING COFORMAL SPACE REPRESENTATION OF THE INVARIANTS

a=d a=d

(c) Mass (d) Total energy

REFERENCE

D.D. & Clamond, D. (2013). Ef cient computation of steady solitary gravity waves . Wave Motion, In Press.

MATLAB SCRIPT:

http://www.mathworks.com/matlabcentral/fileexchange /39189-solitary-water-wave


http://www.mathworks.com/matlabcentral/fileexchange/39189-solitary-water-wave

COMPUTATION OF FIELDS

INTEGRAL REPRESENTATION OF THE SOLUTION IN ANY POINT

I Complex potential:

ic Z 1N 0
F@ = 5 (@X) Dlog
(z() 1)log
I Complex velpcity:
ic g) z)( )

W(z)- —

zg( )+ id
s() z
zs( )+ id %
s( )+ 2id z
z22() 1

I CompIexgcceleratlon
dw(z) _ z() 1

20() 1 q

dz 2 1 (zs()  2)?

(zs( ) 2id z)?



COMPUTATION OF FIELDS

INTEGRAL REPRESENTATION OF THE SOLUTION IN ANY POINT

I Complex potential:
Zin

F@) = 5 @) Dlog 2T
- 0
z() 1oy zs(z‘;(+)2Jiro|IOI : d

PREVIOUS STUDIES

THEORETICAL: Constantin, A., Escher, J., & Hsu, H.-C. (2011).
Pressure Beneath a Solitary Water Wave:
Mathematical Theory and Experiments. Archive for
Rational Mechanics and Analysis, 201(1), 251-269

NUMERICAL: Clamond, D. (2012). Note on the velocity and related
elds of steady irrotational two-dimensional surface
gravity waves. Phil. Trans. R. Soc. A, 370(1964),
1572-1586



NUMERICAL RESULTS INSIDE THE FLUID- 1

VELOCITY POTENTIAL
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NUMERICAL RESULTS INSIDE THE FLUID- 2

STREAM FUNCTION

2(x)=d




NUMERICAL RESULTS INSIDE THE FLUID- 3

TOTAL PRESSURE

=d

2(x)




NUMERICAL RESULTS INSIDE THE FLUID- 4

DYNAMIC PRESSURE

=d

2(x)




NUMERICAL RESULTS INSIDE THE FLUID- 5

HORIZONTAL VELOCITY

2(x)=d




NUMERICAL RESULTS INSIDE THE FLUID- 6

VERTICAL VELOCITY
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NUMERICAL RESULTS INSIDE THE FLUID- 7

HORIZONTAL ACCELERATION
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NUMERICAL RESULTS INSIDE THE FLUID- 8

VERTICAL ACCELERATION

=d
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CAPILLARY—GRAVITY WAVES

I Capillary energy:
Z; q Z; g —— i
Ve 1+ § 1dx = (x )5+ 2 (x)s d
1 1

| Potential energy: V.V g+ V¢

I Lagrangian density:

q
L= 3¢® Ctg 39 2@1+Cfg 2+(1+ Cf g2
I Euler—Lagrange equation:
a ea . @ _

@ @@ @cf g



CAPILLARY—GRAVITY BABENKO EQUATION

Lfg=Nf g Lfg c? gC Y g+ Tf g

where
n o h i
L & = ¢2 (gk '+ k)tanh(kd) € ;

and

Nfg=gC ' Cf gg+%(g 24
(1+ Cf 0)
P T p
(1+Cf g2+ 2 (1+Cf g2+ 2

HOw TO SOLVE IT?
The Petviashvili scheme and many others fail to converge when
applied to this equation!



LEVENBERG-MARQUARDT'S ALGORITHM

Nonlinear least squares formulation:
I Steepest descent far from the solution
I Newton method in the vicinity of the root

Reference: Manolis Lourakis (FORTH, Heraklion)

Sample output (Fr= 1:18, = 0:06):
Iteration | Func count | Residual

0 1025 0.0245729
1 2050 0.00552883
2 3076 0.0030641
3 4101 0.00164362
4 5126 0.000720138
5 6151 9.52404e-06
6 7176 6.90568e-08
7 8201 5.86203e-08
8 9226 1.36959e-09
9 10251 1.32173e-12
10 11276 2.159e-19
11 12301 2.4826e-27




GENERALIZED SOLITARY WAVES
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GENERALIZED SOLITARY WAVES
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GENERALIZED SOLITARY WAVES
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GENERALIZED SOLITARY WAVES

0.21}
2)
N

0

10 5 0

FIGURE: Fr= 1:1, = 0:15

10



GENERALIZED SOLITARY WAVES
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GENERALIZED SOLITARY WAVES
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GENERALIZED SOLITARY WAVES
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GENERALIZED SOLITARY WAVES
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GENERALIZED SOLITARY WAVES

0.19f
2)
N

O L.

10 5 0

FIGURE: Fr= 1:1, = 0:22

10



VERY GENERALIZED SOLITARY WAVES
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VERY GENERALIZED SOLITARY WAVES

Solution
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VERY GENERALIZED SOLITARY WAVES

Solution
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VERY GENERALIZED SOLITARY WAVES

Solutlon
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CONCLUSIONS& PERSPECTIVES

CONCLUSIONS

I New exact formulation for steady waves
I Algorithms are ef cient thanks to FFT

I With Petviashvili scheme the accuracy
is potentially unlimited

I Freely available @MATLAB CENTRAL

PERSPECTIVES

I The limiting wave problem

2(0)=d
2

I Formulation for periodic waves
I Unsteady Babenko equation

http://www.mathworks.com/matlabcentral/fileexchange 139189-solitary-water-wave



Thank you for your attention!

http://www.denys-dutykh.com/
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